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A New Foundation for the

Theory of Relations

STEPHEN D. COMER¥*

Relation algebras are characterized using certain multivalued algebraic
systems called polygroupoids. The connection between these concepts provides
a basis for an alternative to the usual approach to the study of relations.
Examples of polygroupoids are given as well as an application to the theory of
relations.

1 Introduction The purpose of this paper is to outline a new approach to
the calculus of relations. Relation algebras were introduced by Tarskiin [111 as
an abstract algebraic system defined by a natural set of axioms. The principal
models for these axioms are obtained from collections of binary relations on a
set using the set-theoretic operations of union, intersection, relation composi-
tion, and converse. Such algebras are known as representable relation algebras.
Not all models of Tarski’s axioms are representable (cf. [9], [101). The present
study developed as an outgrowth of an investigation into ways of characterizing
“nonrepresentable” relation algebras (cf. [3], [4]). The characterization given
in Section 4 is an extension of the relationship (cf. [8], Section 5) between
certain relation algebras and systems called Brandt groupoids. Nowadays, these
systems are just called “groupoids” in category theory (cf. [6]). Basically, the
idea in the treatment below is to replace the use of groupoids by multivalued
groupoids in Tarski’s complex algebra construction and thereby extend the
relationship in [8] to all relation algebras.

The results in this paper can be developed using the language of category
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theory; however, the categories involved are “multicategories” which have not
been studied to the author’s knowledge. Instead we employ standard termi-
nology from universal algebra.

Tarski’s theory of relation algebras is reviewed in Section 2. The notion of
a polygroupoid is introduced in Section 3 with examples. The basic characteri-
zation is presented in Section 4. Ideas similar to those in this section have been
independently worked out by Brian McEvoy. In a final section we consider a
problem about relation algebras raised by G. Birkhoff at the Jénsson Sym-
posium. We settle Birkhoff’s question using the polygroupoid approach to rela-
tion algebras that is the main thesis of this paper. '

2 Relation algebras In [8] a relation algebra (RA) is defined as an algebra
of the type {4, +,-,0,1,; 1', Y where 0, 1, and 1" are elements of 4, +, -, and
; are binary operations on A4, VY is a unary operation on 4, and the following
axioms hold:

Rg (4, +, -, 0, ) is a Boolean algebra.

R, Geovz=x;(y;2) forallx, v, z € A.

R, Usx=x=x;1forallx e A.

Rj the formulas (x;y)-z=0, (x";2)-y =0, and (z; y”)-x = 0 are equivalent
forallx,y, z € A.

The following class of examples motivated the definition.

Example 2.1: Consider a system (&, U,N, ¢, X% |, "1, Iy) where & is a
collection of binary relations on a set X that contains ¢, X2, and Iy = {(x, x):
x € X} and @ is closed under the operations of union U, intersection N,
relation composition [, and converse ~!. Such a system is called a proper
relation algebra. A relation algebra is representable if it is a subalgebra of a
product of proper relation algebras.

Before introducing another class of examples we recall the notion of a
complex algebra ([ 8], Definition 3.8). Consider a system

(*) U=(A4, Ro, Ry, .. 0

where R; C A™™*! for each i. The complex algebra of %, denoted €{], is the
system

CLA] =<(PA), U, N, ¢, A, RE, R¥, .. D
where # (A) is the collection of all subsets of A and, for each i,
R P(AY' > £(4)
is defined for X, . . ., Xy, €A by
R¥(Xo, .. s Xyj-1) = {x € A1 3xg€ Xo, .., 3,y € Xpyoy (X, ., xnl._l,’x) e R;1.

Theorem 3.10 of [8] asserts that every normal Boolean algebra with
operators is isomorphic to a regular subalgebra of the complex algebra of some
system of type (*). We show in Section 4 that, in the case of relation algebras,
natural systems of multivalued groupoids can be used. As a prelude we mention
another class of examples of relation algebras treated in [8], Section 5.
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Example 2.2: A generalized Brandt groupoid is a partial algebraic system
A=<4, 1D

where - is a partial binary operation on 4, I C 4, "' is an operation on 4, and
the following axioms hold:

(i) Forevery x € A, thereisay e A such thatx-y e A.
(ii) Forany x,y,zeA, if x-y and (x-y)-z are in A or -z and x-(y-z) are in
A, then all four elements are in 4 and (x-»)-z=x-(y-2).
(iii) Foranyxed, xeliff x-x=x.
(iv) The formulas x-y =z, x 1z = y, and z-y~! = x are equivalent for all
x, y,zeA

The complex algebra €[ U] of a generalized Brandt groupoid 2 is a complete
atomic relation algebra such that 0 # | and every atom is a functional element
(Theorem 5.5 of [8]). Conversely, every such RA is isomorphic to the complex
algebra of some generalized Brandt groupoid.

Remark 2.3: The notion of a generalized Brandt groupoid is the same as the
categorical notion of groupoid, i.e., a category in which every morphism is
invertible (see [6]). Moreover, the notion of a Brandt groupoid introduced in
[8] is exactly that of a connected groupoid in the categorical sense.

3 Polygroupoids The goal of this section is to introduce a multivalued
version of a generalized Brandt groupoid. First some terminology.

A partial multivalued operation f of rank n on a set 4 is a function from
A" into #(A). We call f a multivalued operation on A if dom(f) = A" where
dom(f) =W(xy, .. ., xp) e A" f(xy, . . ., xn) F . A partial multivalued algebrais
a system ¥ = (A4, fo, f1, . . .» where each f; is a partial multivalued operation on
A. These are just systems of type (*) with a different notation. A system U is a
multivalued algebra if dom(f;) = A" for each f; with rank n;.

Several conventions are useful. A partial operation on A extends to an
operation on #(A4). Namely, if f; A" > #(4)and X, ..., X,, C A4, then

FXps oo s X)) = UGy, X)X € Xy, X € Xy b

In particular, if X; = ¢ for some i, (X4, ..., X;) = ¢. We also identify {x} with
x when convenient.

Definition 3.1 A polygroupoid is a partial multivalued algebra
A=, 1,7

where - is a partial multivalued binary operation on 4, I C A, and 7! is an
operation on A that satisfies the following axioms:

() cy)yz=x-(y-z)forallx,y,zeAd
() x-I=x=IxforallxeA
(iii) the formulas x € y-z, ¥y € x-z™%, and z ¢ y '-x are equivalent for all
X, ¥, zeA.

Notice that both sides of (i) could be ¢. Interpret (i) as saying that if
either side is nonempty, then both sides are and the sets are equal.
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The notion of a polygroup studied in [3] and [4] is a special case of 3.1.
A polygroupoid % =<4, -, e, 1 is a polygroup if e e A and dom(-) = A% That
is, a polygroup is a polygroupoid with a single identity element and total
operations.

We conclude this section with some examples.

Example 3.2: An ordinary group is a polygroup. More generally, suppose H is
a subgroup of a group G. Define a system

GJH={HgH: ge G}, *, H Y

where (HgH)™ = Hg™'H and (HgH) * (Hg,H) = {Hg,hg,H: h € H}. The algebra
of double cosets G//H is a polygroup introduced in [5].

The next example is an extension of Example 3.2 that produces polygroupoids
which are not, in general, polygroups.

Example 3.3: Assume G is a finite group and Hy, . . ., H,, are subgroups. Let
A={HgH;:i,j=1,...,mand ge Gyand I =1{G;: i=1, ..., m}. Define "' and
* on A by (HigH;)™ = Hig 'H; and (H;xH;) * (H,yH,) = {H;xgyHy: g € Hj and
j = rk The double coset system (4, #,1, "D is a polygroupoid. Its complex
algebra is a representable RA in the sense of Example 2.1, the representation
being constructed on the disjoint union of the right coset spaces.

The next example has a different flavor.

Example 3.4: Suppose I' is a distance regular graph with vertex set V (see [1]).
Let d(u, v) denote the shortest distance between vertices # and v in I'. Define
and 'onthesetA = {1, ..., d} where d is the diameter of I as follows:

=i

keixjiff for every u, v e V with d(u, v) = k there exist w e V'
such that d(u, w) =i and d(w, v) =j.

Notice that the definition above implies that O is the identity element. The
system (4, ¥, 0, "1 is a polygroup. As a concrete example consider the cube Q4

which has diameter 3. The polygroup derived from Q3 on 0, 1, 2, 3 has a multi-
plication table for * given below.
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* | 0 1 2 3
010 1 2 3
1 1 02 13 2
212 13 02 1
313 2 1 0

The example above has many extensions. For example, in [4] it is shown
that a polygroup can be derived from an association scheme (cf. [2]) and from
coherent configurations (cf. [7]).

4 The characterization In this section we extend the relationship men-
tioned in Example 2.2 to all relation algebras. The following lemma summarizes
some useful elementary properties of polygroupoids.

Lemma 4.1 If <A, - I, "V is a polygroupoid, then the following hold for all
X, VeEA:

(1) Ifyeland x-y #¢, then x-y=x. Similarly, x-y =y ifxeland x y #9¢.
(2) xelimpliesx-x=x.

3) xx'NI*Edandxtx NI+

4) x-yNI+¢impliesy=x""

(5) xHl=x

(6) xelimpliesx™ = x.

(D Ix-xtNIl=1landxtxnNIl=1.

(8) (x-y)t=ytxl.

Proof: The proofs are routine. To give one illustration, we establish (4).

Suppose ¢ € x-y N 1. Then by 3.1(iii) and 3.1(ii), y e x L e C x71.1 ={x 7,

Therefore, y = x L.

When the general complex algebra construction (Section 2) is applied to a
polygroupoid 7 = <M, -, I, ~» we obtain the system

Sl ] = (P, U, N, §, M, *, I%, 1Y)
where /*=Jand, for X, Y C M,
X ¥ =ixlxe X,
and
X*Y={zeM:zex yforsomexelXandyeVYi

The * will be dropped when the meaning is clear from the context. The follow-
ing result characterizes complete atomic RA4’s.

Theorem 4.2 The complex algebra C{Iv1 of a polygroupoid 7 is a
complete atomic relation algebra with 0 % 1. Conversely, if

?’I‘ :<A5+5 " O’ 13 ;’ 1,5 U>

is a complete atomic RA with 0 # 1, M is the set of all atoms of U, and
I=4{xeM: x<1'}, then 7 =M, ;, I, V) is a polygroupoid and A .= S[m].

Proof: 1t is easy to check that €[ 7] is a complete atomic RA: axiom R, is
obvious and axioms R, R,, and R; are easy extensions of 3.1(1), (ii), and (iii)
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to subsets. Conversely, it is also straightforward to verify that the system 7 is
a polygroupoid. Now define a map F: 4 = #(M) by

Fla)y={lueM: u<al

for all ¢ € A. It is again routine to check that F' is a one-one homomorphism
since ¥ is atomic. Ontoness follows from the fact that ¥ is complete.

The system 7 constructed in Theorem 4.2 is called the atomic structure
of the relation algebra 2. The following corollary is immediate from Theorem
4.2 and Theorem 4.21 of [8].

Corollary 4.3 Every relation algebra is embeddable in the complex algebra
of a polygroupoid.

Both 4.2 and 4.3 can be specialized in various ways. Classes of RA’s give
rise to classes of polygroupoids and vice versa. For example, in [3] and [4] it
was shown that integral RA’s correspond to polygroups. As another variation
on this theme we consider the important class of simple RA’s.

A polygroupoid 7 = (M, -, I, "V is called connected if for all x, y € I there
exist z e M such that x-z =z and z- y = z. Thinking of 7 as a “multicategory”
the condition just means that the underlying graph is connected.

The following lemma and its proof are analgous to Theorem 5.4 in [8].

Lemma 4.4 For every polygroupoid 7v the following are equivalent.

(1) v is connected
(2) forall x, v there exist z such that x-z +¢and z-y #* ¢
(3) forall x, y there exist u, v such that x € u-y-v.

Theorem 4.5 The complex algebra of a connected polygroupoid is a simple
RA. Conversely, if U.is a simple RA, its atomic structure 77 is connected.

Proof: By 4.4, if 7 is connected and ¢ #= X C M, then M- X- M = M. Tt follows
that €[] is simple using Theorem 4.10 in [8]. Conversely, if ¥ is simple,
then for all x, y e M, x <1;p;1 which implies that x € u; y; v for some u, v € M.
Thus 7 is connected by 4.4.

Since simplicity is preserved under complete extensions (cf., 4.21 of [8])
we obtain

Corollary 4.6 Every simple relation algebra is embeddable in the complex
algebra of a connected polygroupoid.

5 An application The results in Section-4 suggest that relation algebras
(and hence properties of relations) can be studied via polygroupoids. In [4] it
was shown how polygroups introduce a wide range of combinatorial configura-
tions into the study of integral relation algebras. In this section we illustrate
how polygroupoids are useful in the verification of properties of relation
algebras. The particular implication verified in 5.1 below gives an affirmative
answer to a question raised by G. Birkhoff at the Jonsson Symposium.

Proposition 5.1 The implication R; S =S, R = 1' = 8§ =R Y holds in every
relation algebra.




THE THEORY OF RELATIONS 187

Proof: Since the statement is universal it suffices to verify it in all complete
atomic RA4’s. By the representation 4.2 we may regard R and § as subsets of a
polygroupoid (M, -, 1, “» and assume R-S = S R = I (hence both are nonempty).
In order to show R™! C § assume » ¢ R. Now, using 3.1(ii), /= R- S, and 3.1(i)

rl=p L I=r(R-S)= ("L R) S,
s0 ¥ L e u-s for some s ¢ S and « e ¥~ R. By 3.1(jii) and the fact that SR =/
implies R71- 871 = "1 = J (use 4.1(8)), it follows that
uertsTiCRLS =]
Therefore, u-s % ¢ and u € I which yields u-s=s by 4.1(1). Hence r teu-s=s

which gives # 7! =5 ¢ S. Since r was arbitrary, R ™! C §. Similarily, S~! C R which
implies S € R Thus R~ =S as desired.

Although a direct proof of the above from the axioms for RA’s no doubt
exists, the line of reasoning above illustrates that properties of relation algebras
and their proofs are ‘“‘almost like” group (or groupoid) theory when treated
from the viewpoint of polygroupoids.
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