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1t is well known that every Boolean polyrmn1iél can he witten as a polynomial
; us;ng only the Sheffer stroke operation { vhich js defined by

: xiy = X+ .3_7
mis fact is enpressed by saying that the clone of any Boolean algebra is
dne—generated Chy { 1. This paper deals with clones of Boolean algebras with
additional operations. We show that, for such algebras, finitely generated clones
are one-genera ted, give specific sets of generatars for clones of relation algebras,
and show that, in at least one CASe, the generating set given is hest possible. Our
ohservations were motivated by gquestions posed by Bjarni Jonsson in [11. The
original proof of Theorem 2 has heen simplified thanks to a sugges tion of Boger
Maddux.

1. INTRODUCTION. The first result applies to most of the natural clones which

‘extend the classical Boolean o long.

THEQREM i. Every finitely generated clone that contains the Skeffer stroke

agperation is one—generated.
In the particular case of relation algebras e show

THEOREM 2. The clane af every relation algebra is generated by
(3) the Sheffer stroke and one bipary operation
T, ¥ = (x;y") + (1 -~ (1;(x+y);1)),
and
(b gne ternary aperatian
BlH,¥,B = ({afy)y - (1ply@er;) + 'r(x,y)'(l;(yﬂiz);l)

where © denotes symmetric di fference.

Is it possible to do better than Theorem 2 9 The following shouws that 20a&




cannot be improved.

THEOREM 3. For every set U with at least 6 elements there is a proper relation
algebra on V in which relative conposition is not contained in the clone generated

by the Sheffer stroke operation together with all unary terns of the algebra.

it is pot known whether 2(h) can be inproved to a single binary operation.

2. THE PROOFS
Proof of Theorem 1. It is shown in [11 that every finitely generated clone that

contains { can be generated by {f{,«} for some n-ary term  x( Hygno .,xn) . HNow,

let -

p(y,z,w,xl,...,xn) = ;v +z o+ ;»x(xl,...,xn)
vhere ;r denntes -y, etc. Then P(y,z,z,xl,...,xn) = ytz and Ml,l,@;xl,...,xn)
= ”(xl""’xn)' Thus, oclone{p} = clone{t,k} as desired.

Theorem 2 prodoces special generating sets for the clone CG(GI) of all

operations definahlé from the basic aoperations of the relation algebra

F= ¢ By fy5s 10

Proof of Theorem 2. To show that the set {{,7}, given in {(a), generates the clone

Cc(a) of a relation algebra 0 it suffices to verify that the identities

{iY-(iii) below hold in every relation algebra.
{ i) 1Y = @

(19,30

1]

(ii x"
(i) wyv = i,y - o xy’, @, .
It is easily seen that (i) holds in (. Since 1;(i*+w;1 » 131731 =1  in every
relation algebra (&, (17,0 =173x" + (1’~(13(1"H0;1)) = ¥¥ so (i} holds. To
see that (iii) holds in (0 observe that
ﬁﬁ,y") - gy @ = gy + (U7 -1;0ery 3101 - L1 - L0n+y™ 51

= Gy ~(L 7130ty 5 1)

Gy (@ + LiOntypLd

]

= X3y

because KR}y £ Liixey™ sl s @ + 1;(x+yv);1. It follows that CD((X) is generated
hy <f,7}.
To show that the operation &, in (h), generates the clone of a relation

algebra O it suffices to verify that the identities (ivw) and (v} below hold in
a.




19

(iv xty = Bln,y,v}

() KR, ¥ = s, v, )
Since véy = @ for every y In A, 1;(yéy;t = @ from which Bx, v,y = xiy
easily follows. 8o, (iv} holds in (. Condition (v follows from the definition of
& because 1;(y€§)§);1 = 1;(y+;');1 =1;1;1 = 1 holds in every relation algebra (.
This completes the proof of Theorem 2.

Procf of Theorem 3. The proof will be given in tuwo steps. First, a proper relation

algebra on a 6 elewent set with the des ired properties will be cons tructed and then

the general case will be treated.
let H={ &...,9 1, IH= { (i, + i€ H, %: { S;‘J(QH),U,ﬂ,'v,Q,QH)

denote the Boolean algebra of all subsets of 2H, and let (ILHI = ¢ 019, } N
dennte the (full) proper algebra of relations on H with UID as its Boolean part.

To prove the theorem E‘Gr‘ vl = |H| = 6, it suffices to find a collection £ of
binary relations on H such that & is a Boolean subalgebra of (X@ £ is closed

wnder all wary relation algebra terms, but £ is not a subuniverse of the

relation algebra @ [Hl. Consider the following relations on H:

x = £ (@0, (10,02, ,03,2),(4,9,(5,8 2
v o= £ (8,2 ,(2,0,01,8,04,1),0(3,9,(5,3) 3
i z = € (2,5 ,(5,@,(1,D,(3,1),(2,4,{4,2) }
1 = € (24,01, ,02,5,(3,®,(4,3,(5,1) )
| o= £ 0@, (1,5 ,02,1),(3,4) (4,0 ,(5,2 3

W o= u’U v
Let $ denaote the Boolean subalgebra of % generated hy # = { Lix,v,2,¥ 3.
Since P partitions zﬂ, an elements of § is just a union of a set af generators.
To zee that £ is the desired model it suffices to show

(i), s ]y ¢ B, and
(iid. for every a € £ the subalgebra of LM generated by a,

€g{a¥, is contained in 2
Note that property (ii) implies that £ is closed wnder every unary relational

term.  To assist in the verification of (i) and (ii), it is convenient to know

; how the relative composition {partial) operation ] works on the atoms of $. The
b

| “mxltiplication’ table for | is given below in Table 1.

‘K ; From Table 1, x|y = uj so (i) holds since u ¢ §. For a € £ observe that

€yt a2t = gl ~a> and € ad = €yl a~1 3. Hence it suffices to verify the

conclhusion of (ii) for elements a vwhich are the wmion of at most twn atons in the
| set { x,y,2,w3}. For a=®@, €glal is the miniml subalgebra of ([H which
is contained in & If a € { x,y,=2,wl, let g denote ~aft1. 'It is easily\seen

that the atons of €g{ a3} are I, a, and a because a;a:a:aa and aja = 1.
| Bence @y a2 ¢ § when a is an atomof $. Mow, suppose that a is the umion
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of two atoms in the set { x,y,z,w Y. fs before let a = ~af~1. Either a2 w or
az w Without loss of generality we assume that a > w and set a' = a ~w The
atoms of €g{ a3 are I, a, a' and w as can be seen from the "wultiplication”

tahle of | for these relations { Table 2 ).

b4 b4 I a4 u vl

v w vz xUz xlly TUwr

Table 1
I a a' w
1 1 a a' w

w w ala a Uy

Table 2

It follows that €9l a ¥ ¢ & when a is a join of tw atoms of £ Hence (iD
holds which ticmpletes the proof of Theorem 3 when |‘J| = b,
Mow suppose  |[V] 2 6 and H={60,...,93 CV. Let G=V-H and N=

2

G~1_, GXH, BXG }. Then, recalling notation from the first case, P UN

G! Gi
partitions 2y and, for every a,h € N, € a’y ;b > C NU L @, %63, 1et 2 De
the Boolean algebra gensrated by P U N, fs in the IVI = 6 case, it suffices to
show that (1) and (i) hold for the modified £,

It is clear that x;v § ', becavse, for example, every elewent of £ is

€1

symmetric. Thus, (i) holds for 2.

To show {ii) for &' we shall use the fact that (ii) holds for £ and that
the domain and range of every b € £ is H. Suppose a € &'. Then a =h + ZX
for some b€ ® and some X C N, let € he the relation subalgebra of ([H
generated by ¢(b¥. Then © < £ since (i) holds for % Let & be the Boolean
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algebra generated by GUN. Since a€ @ ¢ %, inorder ta establish (ii) for

$', it is enough to show that & contains I and is closed under V oand 3. It

is clear that I, = I, U I, belongs to &'. Now, suppose a € &' has the form a

- b+ IX for some b € & and some X & N. Then a¥=pY+ 2t tEXTD
belongs to &' since BY € & and N is closed under Y  Hence & is closed
under . How, suppose a,c € & vhere a=h+ X and c=d+ LY with b,d € &
and ¥,Y € N. Then

aje = byd + bjEY + IX;d + IE;EY.
Gince bjd € 8 bIY € £ @, BXG Y, IGdEel O GxH 3, and IX;EY € NUL 0,%G 1,
it follows that ajc € &', Thus, @' is a relation suha lgebra of @RLvi amd it
follows that (ii) holds for $' which completes the proof of Thearem 3.
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