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Abstract: This paper describes several hypergroup constructions based on
considerations which arise in the study of symmetry. In particular, we show that
a natural hypergroup is associated with every character algebra.
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1. Introduction. , ,
The study of symmetry is closely related to the theory of groups and its
extensions. Symmetry groups have been widely applied in chemistry [6],
crystallography [8], and solid-state physics [1]. These applications have involved
coset decompositions, double coset decompositions, decompositions into
conjugacy classes, and group characters. Below we introduce a hypergroup
structure on each of these “spaces”. In general, we show that a C-algebra in the
sense of Y. Kawada [9] gives raise to a special hypergroup called a quasi-
cannonical hypergroup by Bonansinga and Corsini [4] and a polygroup in [5].
A polygroup is a system (M, ¢,e) where eeM, eassigns a nonempty subset of
M to each pair of elements in M, and the following axioms hold for all x, y, z eM:
(1)  for each x there exist a unique x’€M such that eexex™ and eex™ o,
Q)  eex={x} =xve, o
(3)  xeyez implies y€ xez! and ze y'ex, and

(@) @y)ypz=x0r2).

2. Classical hypergroup constructions.

Coset Hypergroups. For a group G and a subgroup H let G/H denote the
collection of all right cosets Hg = {hg: heH } for gin G. The system (G/H, +H)
is a hypergroup where

(Hg,)*(Hg,)={Hg geg,Hg,}.

The system G/H is called a D-hypergroup and is the principal example of a
cogroup. Recently Y. Sureau [13] has characterized all cogroups by nested triples
of permutation groups.

The relationship of cosets to the study of color symmetry has its origin in the
work of Shubnikov [12]. See also, Roth [11]. The idea is to select a fundamental
region Q of a design (or crystal); then, for each element g in the symmetry group
G of the design, label the region Qg with the element g. (Of course, not all
regions of the design may be labeled.) A coloring of the design is induced by a
subgroup H of G by assigning colors to the right cosets of A and coloring the
regions labeled by the members of the coset with the color assigned to the coset.
The color scheme is consistent in the sense that symmetries map regions with a
given color onto commonly colored regions. The cogroup G/H, with colors
replacing right cosets, gives information about the coloring scheme.
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Double coset algebras. The unit element of a cogroup is normally a one sided
scalar and lacks symmetry. This is overcome by looking at double cosets. A
- double coset HgH of a subgroup H of a group G is the collection of all distinct
elements h,gh, where h, and h, range over H. The double cosets of H give a
decomposition of G. Let G/H denote the collection of all double cosets of G
with respect to H. A double coset algebra is a hypergroup (G//M, *,H) where

(Hg, ) (Hg,H)=(Hg,hg,H heH).

The system G//H is a example of a polygroup, i.e., quasi-cannonical hypergroup.

Conjugacy class polygroups. In dealing with a symmetry group two symmetric
operations belong to the same class if they represent the same map with respect
to (possibly) different coordinate systems where one coordinate system is
converted into the other by a member of the group (cf,, [6]). In the language of
group theory this means elements g, b in a symmetry group G belong to the same
class if there exist a g€ G such that a=gbg",i.e, aand b are conjugate. The
collection of all conjugacy classes of a group G is denoted by G and the system
(G,e,{e}) is a polygroup where e is the identity of G and the product 4*B of
conjugacy classes 4 and B consists of all conjugacy classes contained in the
elementwise product A4B.

Character polygroups. Closely related to the conjugacy classes of a group are
its characters. Let G = { N> Xgo > Xy} De the collection of irreducible characters
of a finite group G where ¥, is the trivial character. The character polygroup G
of G isthe system (G, »,x,) where the product x;; is the set of irreducible
components in the elementwise product x;x;. The system G was investigated
by R. Roth [10] who considered a duality between G and G.

3. A construction from C-algebras. ~

The above constructions of hypergroups based on double cosets, conjugacy
classes, and characters all make use of the fact that when two objects of a type
under consideration (i.e., double cosets, characters, etc) are multiplied in the
natural way, the product is uniquely composed of objects in the set (perhaps with
repetition). The polygroup binary operation is a type of convolution which tells
which objects are in the product but not the multiplicity. We formalize this idea
by showing that every C-algebra gives raise to a polygroup. The notion of C-
algebra (or character algebra) presented here is due to Y. Kawada [9] (see also
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[2]) except that the commutativity requirement has been weakened.

A C-algebra s a classical algebra 4 together with a basis X = {x, -, x,} for
A (asa complex linear space) such that
(C)) 4 isanalgebraand x, °x; = Epy x, foralli,j,

(C,) A4 has an identity element e =1x,, i.e,, poj = 5 pjg ,
(Cy) every py is a real number,
(C)) thkere exx,st a permutation i~i' (fori =0, ..., d) such that (i')) =7 and

p —p//’

(Cs) P,-? = p,j = x,0,, with >0 forall 7, j, and

iy
C the map x,~ x induces a linear representation of A.
6 P K P |

The condition (C,) implies that the map x, = il extends to an anti-
automorphism of 4. A C-algebra is commutative if pu = pﬂ for alli, j, k. The
lemma below summarizes a few elementary facts.

Lemma. (1) 0'=0,

2) K=

G m=x, .
(4) KDy = ijk;»/ = ijij,k,

Proof. (1) and (2) both follow from (C,) and (Cy). (Cs) implies «, 5:/’ =X 6 i
foralli, j, so 5= x when j=17 and thus (3) holds. To see the first equahty in
(4) express both sides of (x;*x. )X = xpe (xj-xk/) as a linear combination of
X, %, and compare the coeﬁ’mems of x, The first equality, (C,) and (3) yield
the second:

N ./ .
i i’ J
'Kipkj/ = Ky ik K]'pi/k : D

Proposition. Every C-algebra 4 with basis X such that the parameters p, are
all non-negative (the Kreim condition) determines a polygroup Pg(4) = (X, ,e)
where x;ex, = {x, :p,.f # O}and x,.'l = x,, foralli,j.

. _ k _ )
Proof. Since x;ox, = Ep”,xk = K, X, + -, itis clear that xo€ xpox; . If x €
k ‘




-217~

Xox; pS. # 0 which implies j =17 by (Cs). Similarly, x,, is the only ¥ such
that x,€ y*x;, so axiom (1) holds. Axiom (2) follows from (C,) and axiom (3)
from Lemma (4). For (4) notice that x, € (x;0x;)0x, if and only if pij‘.’ p. * 0 for
some v and similarly, xuex,-(xj-xk) if and only if p,, pj.; + 0 for some V.
The associative law for Pg(4) follows from the equality ij;pv’;c = EP:':PJ;:
(a consequence of (C,) ) and the Krein condition. O 7 v

Examples of C-algebras not only include the situations mentioned earlier, but
also the adjacency algebras of association schemes ([2]), S-algebras over finite
groups ([3]), and centralizer algebras of homogeneous coherent configurations
([7)). The centralizer algebra of a coherent configuration is called a cellular
algebra in the work of Weisfeiler ([14]) on the graph isomorphism problem.
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